In this paper, we calculate the energy spectra and the corresponding wave function for the symmetric and asymmetric trigonometric RosenÄMorse potential of the Dirac equation within the framework of spin and pseudospin symmetry limits including the tensor interaction using the supersymmetric quantum mechanics (SUSYQM) formalism. We have also reported some numerical results andˇgures to show the effect of tensor interaction.
INTRODUCTION
Dirac equation is the well-known equation that describes spin-half particles in relativistic quantum mechanics. Also, it is well known that the study of exactly solvable problems in quantum mechanics has attracted great attention in recent times [1] . In order to investigate nuclear shell model, the study of spin and pseudospin symmetries of the Dirac equation has been an important area of research in nuclear physics [2] . Within the framework of the Dirac theory, the spin symmetry occurs when the difference of the potential between the repulsive Lorentz vector potential V (r) and attractive Lorentz scalar potential S(r) is a constant; that is, Δ(r) = V (r) − S(r) = const. On the other hand, the pseudopsin symmetry arises when the sum of the potential of the repulsive Lorentz vector potential V (r)and attractive Lorentz scalar potential S(r) is a constant; that is, Σ(r) = V (r) + S(r) = const. By considering relativistic theories with scalar and vector potentials, Ginocchio showed that these symmetries could explain degeneracies in meson spectra or in singleparticle energy levels [3Ä5] . The spin symmetry in nuclear theory is usually referred to as a quasi-degeneracy of the single-nucleon doublets and can be characterized with the nonrelativistic quantum numbers (n, l, j = l + 1/2) and (n, l, j = l − 1/2), where n, l and j are the single-nucleon radial, orbital and total angular momentum quantum numbers for a single particle, respectively [6] . Also, the pseudospin symmetry implies that (n, l, j = l + 1/2) and (n − 1, l + 2, j = l + 3/2) states are degenerate [7] . Pseudospin and spin symmetries concept on a number of potentials have been investigated by many researchers in theˇeld. These potentials include WoodsÄSaxon [8] , ManningÄRosen [9] , Eckart potential [10] , harmonic oscillator [11] , and Coulomb and Hartmann potentials [12] among others [13] . These concepts, under various phenomenological potentials, have been investigated by many authors, using various methods such as asymptotic iteration (AIM) [14] , NikiforovÄUvarov (NU) [15] , supersymmetric quantum mechanics (SUSYQM) [16Ä18] and shape invariance (SI) [19] , and exact quantization rule [20] . Similarly, the tensor interaction term was introduced into the Dirac equation with the replacement p → p − iM ωβ ·rU (r) and a spin-orbit coupling is added to the Dirac Hamiltonian [21] . The Dirac equation with different potentials in relativistic quantum mechanics with spin and pseudospin symmetry has been investigated in recent years [22] . Also, other potentials models investigated are given in [20Ä33] . Recently, Ikhdair and Hamzavi [34] investigated the hyperbolic RosenÄMorse potential (RM) with Coulomb tensor interaction. The RM potential is one of the useful potentials in describing the interatomic interaction of the linear molecules and also in describing the polyatomic vibration energies of NH 3 molecules [34, 35] . It had been shown that the RM and its PT-symmetric version are special cases of theˇve-parameter exponential-type potential [36, 37] . Compean et al. [38] and Ma et al. [1] obtained the energy spectrum of the trigonometric RM potential using SUSYQM and improved quantization rule methods, respectively.
In the present paper, we intend to investigate the symmetric and asymmetric trigonometric RM potential with the Coulomb-like tensor interaction for arbitrary spin-orbit quantum number κ, using the SUSYQM formalism.
SUPERSYMMETRY
In the SUSYQM we normally deal with the partner Hamiltonians [16Ä18]
where
In the case of good SUSY, i.e., E 0 = 0, the ground state of the system is obtained via
where C is a normalization constant and
Next, if the shape invariant condition
where a 1 is a new set of parameters uniquely determined from the old set a 0 via the mapping F : a 0 → a 1 = F (a 0 ) and R(a 1 ) does not include x, the higher state solutions are obtained via
Therefore, this condition determines the spectrum of the bound states of the Hamiltonian
and the energy eigenfunctions of
DIRAC EQUATION WITH AND WITHOUT TENSOR COUPLING
The Dirac equation for spin-1/2 particles moving in an attractive scalar potential S(r), a repulsive vector potential V (r) and a tensor potential U (r) in the relativistic unit
where E is the relativistic energy of the system, p = −i∇ is the three-dimensional momentum operator and M is the mass of the fermionic particle. α, β are the 4×4 Dirac matrices given as
where I is 2 × 2 unitary matrix and σ i are the Pauli three-vector matrices:
The eigenvalues of the spin-orbit coupling operator are κ = (j + 1/2) 0, κ = −(j + 1/2) ≺ 0 for unaligned j = l − 1/2 and aligned spin j = l + 1/2, respectively. The set (H, K, J 2 , J z ) forms a complete set of conserved quantities. Thus, we can write the spinors as [26] ψ nκ (r) = 1 r
where F nκ (r), G nκ (r) represent the upper and lower components of the Dirac spinors; Y l jm (θ, ϕ), Yl jm (θ, ϕ) are the spin and pseudospin spherical harmonics; and m is the projection on the z axis. With other known identities [27] ,
as well as
weˇnd the following two coupledˇrst-order Dirac equations [27] :
and the extension to tensor interaction becomes
Eliminating F nκ (r) and G nκ (r) in Eqs. (19) and (20), we obtain the second-order Schré odingerlike equation as
. The radial wave functions are required to satisfy the necessary conditions; that is, F nκ and G nκ vanish at the origin and at inˇnity. At this stage, we take Δ(r) or Σ(r) as the symmetric and asymmetric potentials. Equations (23) and (24) can be exactly solved for κ = 0, −1 and κ = 0, 1, respectively, as the spin-orbit centrifugal term vanishes.
SOLUTION OF THE DIRAC EQUATION FOR SYMMETRIC TRIGONOMETRIC POTENTIALS
In this section, we are going to solve the Dirac equation with symmetric trigonometric potential by using the SUSYQM.
Pseudospin and Spin Symmetry Limits for the Symmetric Trigonometric Potential.
The exact pseudospin symmetry is proved by Meng et al. [28] . It occurs in Dirac equation
. In this limit, we take Δ(r) as the symmetric trigonometric potential [1] and a Coulomb-like potential [29] for the tensor potential added,
where U 0 , H c and a are three positive parameters. Since Dirac equation with the symmetric trigonometric potential has no exact solution, we use an approximation for the centrifugal term as shown in Fig. 1 [31], 
. Substituting Eqs. (25)Ä (27) into Eq. (24) yields
where κ = −˜ and κ =˜ + 1 for κ < 0 and κ > 0, respectively, and
In the spin symmetric limit dΔ(r)/dr = 0 or Δ(r) = C s = const [3Ä5]. As in the previous case, substitution of Eqs. (27) , (26), (25) into Eq. (23) gives
where κ = and κ = − − 1 for κ < 0 and κ > 0, respectively, and
Solution of the Pseudospin Symmetry Limit for the Trigonometric Symmetric Potential. From Eq. (28), we obtained a Schré odinger-like equation of the form
with the effective potential being
The corresponding effective energy is given bỹ
In SUSYQM formalism, the ground-state wave function for the lower component is given as
Thus, we are dealing with the Riccati equation
for which we propose a superpotential of the form
Therefore, the exact parameters of our study are obtained via
and solving Eq. (39) explicitly, we obtain the following set of equations:
The next approach is to construct the partner Hamiltonians as [16Ä18]
where a 0 = f ps and a i is a function of a 0 , i.e., a 1 = f (a 0 ) = a 0 + α. Consequently, a n = f (a 0 ) = a 0 + nα. We see that the shape invariance holds via a mapping of the form
Therefore, from Eq. (6a) the eigenvalues can be found as
With the aid of Eqs. (45) and (46), we obtain the energy eigenvalues for the symmetric trigonometric potential model for the pseudospin symmetry limit for any spin-orbit quantum number as
This is consistent with those in [1, 39, 40] when H = 0, C ps = 0. Thus, the lower component of the wave function is
where N nκ is the normalization constant. The upper spinor component of the Dirac equation can be calculated as
where E nκ = M + C ps and when C ps = 0 (exact pseudospin symmetry) is obtained which means that only negative energy solutions are possible.
Solution of the Spin Symmetry Limit for the Symmetric Trigonometric
Potential. In this case, using Eq. (31), we get
with
(53) By considering the same way of solving Eq. (34), the energy equation for the symmetric trigonometric potential in the presence of tensor interaction in view of the spin symmetry limit is obtained as follows:
The upper component of the wave function is
and the other component can be simply found via
PSEUDOSPIN AND SPIN SYMMETRY LIMITS FOR THE ASYMMETRIC TRIGONOMETRIC POTENTIAL
In this section, we are going to solve the Dirac equation with asymmetric trigonometric potential with Coulomb tensor potential coupling using the SUSYQM.
4.1. Pseudospin and Spin Symmetry Limit. The pseudospin symmetry occurs when dΣ(r)/dr = 0 or equivalently Σ(r) = C ps = const. In this limit, we take Δ(r) as the asymmetric trigonometric potential and pick up a Coulomb-like tensor potential:
Now, substitution of the proper approximation (see Fig. 1 )
in Eq. (22) yields
where κ = −˜ and κ =˜ + 1 for κ < 0 and κ > 0. By considering Eq. (23) for the spin symmetry case, we have
Solution of Pseudospin Symmetry Limit with Tensor Interaction. We obtain a Schrodinger-like equation of the form
And solving Eq. (69) explicitly, we obtain the following set of equations:
The next approach is to construct the partner Hamiltonians as [16, 22] 
where a 0 = p ps and a i is a function of a 0 , i.e., a 1 = f (a 0 ) = a 0 + α. Consequently, a n = f (a 0 ) = a 0 + nα. We see that the shape invariance holds via a mapping of the form p ps → p ps + α. From Eq. (5) 
Thus, we obtain the energy spectrum for the asymmetric trigonometric RosenÄMorse potential in view of pseudospin symmetric as
This is consistent with the result of [1] when H = 0, C ps = 0 and that of [39, 40] when
In what follows, weˇnd the lower component of the wave function as 
and N nκ is the normalization constant. The upper spinor component of the Dirac equation can be calculated as
Solution of the Spin Symmetry Limit with Tensor Interaction. In this case,
and Table 2 . Energies in the spin symmetry limit for the symmetric trigonometric potential M = 1, Table 3 . Energies in the pseudospin limit for the asymmetric trigonometric potential M = 1, Table 4 . Energies in the spin symmetry limit for the asymmetric trigonometric potential M = 1, Table 7 . Energies in the pseudospin symmetry limit for the asymmetric trigonometric potential Energy eigenvalues equation for the asymmetric trigonometric potential in the presence of tensor interaction in view of the spin symmetry limit is obtained as follows: Thus, the upper wave function becomes 
We have obtained the energy eigenvalues in the absence (H = 0) and the presence (H = 0.75) of the Coulomb-like tensor potential for various values of the quantum numbers n and κ. The results are calculated in Tables 1 and 2 for the symmetric trigonometric potential and in Tables 3 and 4 for the asymmetric trigonometric potential under the condition of the pseudospin and spin symmetries, respectively, and we can clearly see that there is the degeneracy between the bound states in the absence of the tensor interaction and in the presence of the tensor interaction, these degeneracies are changed. Also in Tables 5Ä8, we observe the behavior of the energy eigenvalues versus difference values of the C ps and C s for both symmetries limit. In Fig. 2 , we obtain the effects of the tensor interaction on the bound states in view of the pseudospin and spin symmetry limits for the symmetric and asymmetric trigonometric potentials, respectively. Figure 2 shows that the magnitude of the energy difference between the degenerate states increases as H increases. In Figs. 3 and 4 , we show the effects of the potential parameter U 0 on the bound states under the conditions of the pseudospin and spin symmetry limits for H = 0.75 for theˇrst and second choices of the potential. In Fig. 5 , we present the dependence of the bound-state energy levels on potential parameter U 1 for the second choices of the potential.
CONCLUSIONS
In this work, we have obtained the approximate solutions of the Dirac equation for the symmetric and asymmetric trigonometric RosenÄMorse potentials within the Coulomb tensor interaction term in the framework of pseudospin and spin symmetry limits using the SUSYQM method. We have obtained the energies eigenvalues and the corresponding lower and upper wave functions expressed in terms of the Jacobi polynomials. Finally, the results of our work have been compared with the previous work of others authors in the literature.
